VII. Preliminary results for global linear stability theory (LST)

ADflow has not been previously used for LST. Therefore, we have used the canonical cylinder flow vortex shedding
case to benchmark our results against literature. In this section, we present the LST for ADflow and results for the
unsteady cylinder vortex shedding and steady base flow LST derived eigenfrequencies.

The governing equations for Navier—Stokes solved in ADflow can be summarized as

ri(w) =0, (44)

where w is the state vector and ry is the residual. For steady state base flow solution W, we have for a small increment in
time d
w
7 = M 'r(w), (45)

where M is the mass matrix from the FVM solver. All terms on RHS are treated implicitly for the Newton’s method. In
ADflow, the mass matrix is invoked into the residual by dividing by cell volumes. Therefore, the equation becomes

d
=, (46)
where r = M~ 'r;. Now, this can be expanded as
d(w+6
¥ = —1(W + ow),
dow or
— = —|r(W) + — 47
= (r(W) t o |v—v)’ (47)
dow
— = _Jow,
dr J

where we linearized and neglected the higher order terms. Assuming a modal ansatz §w = ®e?!, and substituting that
in the above equation, we get
-JO = 0. (48)

This is the final equation which is an eigenvalue problem. Solving this equation gives us the eigenvalues. The eigenvalue
can be written in the following manner
A=A +id;, (49)

where A, and A; are the real and complex—valued parts of the eigenvalue. For unstable flow exhibiting the Hopf
bifurcation and entering into saturated limit—cycle oscillations, we typically see a complex conjugate pair of eigenvalues
with a positive real part [10, 31].

It is a fact that ADflow non—dimensionalizes the governing equations. The eigenvalues sought are therefore
non—dimensional. To re—dimensionalize the eigenvalues to help compare with literature, we must scale them by the
factor

A
Ay =—, (50)
Lref
where A; is the scaled eigenvalue and
1
Iref = Lief —, (5D
e T¢! \/R_T

where R is the gas constant 287 J/kgK, T is the reference temperature 300 K and Ly is set to a value of 1 m. A is in
rad/s. To convert it into physical frequency, we divide it by 2.

A structured grid was generated for a cylinder of diameter 1 m. The grid is shown below in the first sub—figure (left)
in Figure 6. The domain was discretized with 385 elements in both the circumferential and radial directions. A boundary
layer grid near to the cylinder wall was made, as shown in the second sub—figure (right) in Figure 6. The off-wall
spacing of the first cell normal to the cylinder is Ar = 10~>m. The grid is similar to that used in literature [32, 33].
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Fig. 6 The full structured grid for the cylinder flow (left) and the grid near the cylinder wall region zoomed in
(right). A boundary layer grid is made with the first cell normal to the cylinder wall Ar = 10~>m. The cylinder
diamter is set to 1 m.

Unsteady simulations were run with the laminar Navier Stokes model. The freestream conditions are Mach number
of 0.1, Reynolds number in the range 46—120 and temperature of 300 K. A snapshot of the vortex shedding is shown
in Figure 7, for a Reynolds number of 100. A classic Von—Karman vortex street is seen behind the cylinder and the flow
is in a saturated limit cycle, as seen in the lift—coefficient Cy, vs time plot in Figure 7. A small perturbation was made
around the base flow, by rotating the cylinder five degrees in one second of physical time. This pushes the system into
the saturated limit cycle oscillations.
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Fig.7 Unsteady vortex shedding at Reynolds number 100 (left). The Von—-Karman vortex street is seen formed
inside the saturated limit cycle. The unsteady lift coeflicient vs time plot is presented(right). Initial perturbations
from the cylinder rotation about base flow grow and saturate into the limit cycle oscillations. The unsteady
shedding frequency derived Strouhal number is computed to be 0.163 for Reynolds number 100.
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The Strouhal number is defined as

f
LU’
where L = Lyer = Im, U = 34.718 m/s and f is the vortex shedding frequency in Hz. In our simulations, we measure
this frequency as the frequency of one complete oscillation of the lift—coefficient when the flow has entered into a fully
saturated limit cycle.

A plot of the Strouhal number vs Reynolds number is shown in Figure 8 below. We compare our results with
Williamson’s results [34]. Our results match appreciably with the Hopf-bifurcation diagram from literature.

St = (52)
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Fig. 8 A plot of the Strouhal numbers evaluated at different Reynolds numbers for the cylinder vortex shedding
case. A comparison is made against Williamson’s results [34] and the data agrees appreciably.

Finally, we present a plot of the eigenfrequencies from our LST with ADflow in Figure 9. We compare our results
with Marquet et al [10]. Our results match to almost machine precision with their results. It should also be noted that
the first unstable eigenpair was observed at the critical Reynolds number 46.85, which is very close to Marquet et al [10]
who reported the critical Reynolds number to be 46.8+0.05. We also present the modes & and ¥, the x and y velocity
modes in Figure 10. Complex eigenmodes can be scaled and rotated in the complex plane for the same eigenvalues [35]
and therefore are not expected to always match with the results from other solvers. The difference in the modes is
typically a result of normalization factor used, or whether the mode was at all normalized to begin with. Nevertheless,
the mode shapes match appreciably.
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Fig. 9 The growth rates (left) and the eigenfrequency derived Strouhal numbers (right) for the base flow
computed at different Reynolds numbers. Results from ADflow are benchmarked against those of Marquet et
al. [10], which seem to match appreciably. The critical Reynolds number is found to be 46.85.
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Fig. 10 Unstable eigenmodes from ADflow (from top) are shown in the first and third figures for 7 and ¥
respectively, at the critical Reynolds number 46.85 evaluated in the current study. The results from Marquet et
al. [10] are shown in the second and fourth figures for /i and ¥ respectively, at the critical Reynolds number 46.8
evaluated in their study.

All simulations and results were converged to tolerance (< 10~!2), including the eigensolver used—SLEPc, using
the shift—invert strategy. The complex part of eigenfrequencies (presented as Strouhal number) do not match with
the unsteady Strouhal numbers as shown in Figures 8 and 9. This is a classic case of mean flow and base flow being
different, leading to different unstable unsteady frequencies and base flow eigenfrequencies [36, 37].
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Fig. 11 The full structured grid for the OAT15A transonic airfoil zoomed in on the airfoil wall. A boundary
layer grid is made with the first cell normal to the cylinder wall Ar = 10-®m. The airfoil chord is set to 1 m.

Next, we present the simulation for the transonic buffet 2—-D case of OAT15A airfoil [38] and present the grid
in Figure 11. The airfoil chord is 1m and We simulated it for Reynolds number 3.2 x 10°, Mach number of 0.73 and
angle of attack 4°. The unsteady results are shown in Figures 12 and 13, where we present the full unsteady buffet cycle
and density contours over one—limit cycle and the unsteady lift coefficent vs time plot.

It is observed that with a cold—start for the simulation, the system readily jumps into a limit—cycle oscillation. The
Strouhal number for this setup is computed to be 0.074, which is close to the value reported by Sartor et al [39]. LST
was performed on the transonic buffet case by simulating at same conditions for steady base flow. The base flow and
the unstable eigenmode are presented in Figure 14. The unstable non—dimensional eigenvalues for this base flow are
0.1+0.445j. The Strouhal number from this eigenfrequency is computed to be 0.045, which slightly under predicts the
eigenfrequency computed by Sartor et al [39].
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Fig. 12 The unsteady transonic buffetting oscillations presented for OAT15A airfoil at Mach number 0.73,
Reynolds number 3.2 x 10° angle of attack 4.0°. The system readily enters into the limit cycle from cold—started
simulation. The Strouhal number is computed to be 0.074.
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Fig. 13 The unsteady simulation density contours over one cycle in the saturated limit cycle oscillations for the
OAT15A transonic airfoil. Freestream conditions are Mach number 0.73, Reynolds number 3.2 x 10° angle of
attack 4.0°. Four plots have been made, each at distinct physical times on the limit cycle, indicated by vertical
solid black lines from the sinusoidal wave. The Strouhal number for this unsteady transonic buffet is 0.074.

It is a fact that the OAT15A transonic buffet phenomomen is weakly non—linear [39—41]. This means that the
mean and base flows are almost identical, leading to the same Strouhal numbers computed from the unsteady limit
cycle frequency and the base flow’s LST derived eigenfrequency. Our current focus is to investigate this with ADflow
and benchmark the LST results for transonic buffet. The unstable eigenmode for this pair of eigenvalues is shown
in Figure 14. The shock region right in front of the shock, aft shock, shock foot and the separation bubble appear in the
unstable eigenmode. Of all the regions mentioned, the shock by itself dominates over the other flow structures of the
eigenmode in magnitude. These flow structures form part of the leading instabilty mechanism for transonic buffet.
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Fig. 14 The density contour for base flow of OAT15A transonic airfoil for Mach number 0.73, Reynolds number

3.2 x 10 angle of attack 4.0° (bottom) and its corresponding unstable eigenmode (top). The regions of the shock,

shock foot and separation bubble appear in the unstable eigenmode, indicating the leading flow structures in the
instability phenomomen.
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